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For a ﬁnite group G and a ﬁxed prime p, one can attach to
each irreducible Brauer character ϕ of G a p-subgroup Q , called
the vertex of ϕ, that is unique up to conjugacy. In this paper
we examine the behavior of the vertices of ϕ with respect to
normal subgroups when G is assumed to be p-solvable. For
arbitrary ﬁnite p-solvable groups, we develop a correspondence
between the set of Brauer characters of G with vertex Q and
the set of Brauer characters of a certain subgroup of G with
vertex Q . Moreover, in the case that G has odd order, we extend
a result of Navarro regarding the behavior with respect to normal
subgroups of a correspondence of Brauer characters of p′-degree to
a result regarding the behavior with respect to normal subgroups
of a correspondence of Brauer characters of arbitrary degree.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let p be a ﬁxed prime, let G be a p-solvable group, and let ϕ be an irreducible Brauer character
of G . One can deﬁne a vertex subgroup Q of ϕ to be any Sylow p-subgroup of any subgroup H of G
for which there exists an irreducible Brauer character ψ of p′-degree such that ψG = ϕ . One of the
main results of [6] is that with this deﬁnition, the set of vertices of ϕ forms a single conjugacy class
of subgroups of G . These vertices provide a useful framework for analyzing the local properties of
Brauer characters. For instance, if Q is a p-subgroup of G , there are many results that connect the
set of irreducible Brauer characters of G with vertex Q to the irreducible Brauer characters of NG(Q )
with vertex Q , including the Alperin weight conjecture (see [8]). Of course, the vertices deﬁned here
are the same as the vertices deﬁned by Green for indecomposable modules, in the special case that
the indecomposable module is actually irreducible (see [1]).
In this paper we examine the behavior of vertex subgroups with respect to normal subgroups of G .
Our ﬁrst basic result shows that in some sense, the vertex subgroups behave exactly as expected.
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group Q , and suppose N  G and P = Q ∩ N. Then there is a constituent θ of ϕN such that θ has vertex P .
We point out that a version of Theorem 1.1 appears as Theorem 1(a) of [7]. Our proof is different,
and uses techniques that will be expanded upon in our later results.
With the notation of Theorem 1.1, suppose x ∈ G . Then θ x has vertex P x . Therefore NNG(P ) per-
mutes the Brauer characters of N with vertex P . We will let IBrp(G|Q ) denote the Brauer characters
of G with vertex subgroup Q . Note that since Q ∩ N = P , then Q ⊆ NG(P ) ⊆ NNG(P ). We now state
our second main result:
Theorem 1.2. Let p be a prime, G a p-solvable group, Q a p-subgroup of G, N  G, and P = Q ∩ N. Deﬁne
T = NNG(P ). Then induction is a bijection from IBrp(T |Q ) to IBrp(G|Q ).
Our ﬁnal result extends a result of Navarro about groups of odd order. In [8], Navarro proves, for a
group of odd order G and a p-subgroup Q of G , the existence of a bijection ϕ → ϕ˜ from IBrp(G|Q )
to IBrp(NG(Q )|Q ). Notice that if N  G and P = Q ∩ N , then NG(Q ) ⊆ NG(P ). Since the ˜ map is a
bijection, we can deﬁne for ϕ ∈ IBrp(G|Q ) the Brauer character ϕ(NG (P )) ∈ IBrp(NG(P )|Q ) to be the
unique character whose image under the map from IBrp(NG(P )|Q ) to IBrp(NG(Q )|Q ) is ϕ˜ . The map
ϕ → ϕ(NG (P )) is thus a bijection from IBrp(G|Q ) to IBrp(NG(P )|Q ). Our ﬁnal result, which extends
Theorem 3.6 of [8], shows that this map behaves well with respect to normal subgroups in odd order
groups.
Theorem 1.3. Let p be a ﬁxed prime, G a group of odd order, Q a p-subgroup of G, N  G, and P = Q ∩ N.
Let ϕ ∈ IBrp(G|Q ) and θ ∈ IBrp(N|P ). Then ϕ lies over θ if and only if ϕ(NG (P )) lies over θ˜ .
2. π -Theory
Rather than working with Brauer characters of p-solvable groups, we will work in the more general
context of Iπ characters of π -separable groups, where π is a set of primes. For a complete discussion
of Iπ characters, see [3]. If G is a π -separable group, the Iπ characters play the role of the irreducible
Brauer characters, and in fact if π is the complement of the set {p}, then Iπ (G) = IBrp(G).
We brieﬂy point out some of the important properties of Iπ (G). Throughout, assume that π is a
ﬁxed set of primes and that G is a π -separable group. For any complex-valued class function α of G ,
we deﬁne αo to be the restriction of α to the elements of G of order divisible only by the primes
in π (we will call these the π -elements of G). It is known that Iπ (G) forms a basis for the vector
space of class functions from the π -elements of G to C. Moreover, if χ ∈ Irr(G), it is known that
χo is in fact a nonnegative integer linear combination of the Iπ characters.
The Fong–Swan theorem also generalizes to Iπ characters: If ϕ ∈ Iπ (G), then there necessarily
exists a character χ ∈ Irr(G) such that χo = ϕ (again, see [3]). One also has a Clifford correspondence
(see [5]) for Iπ characters, which we will make frequent use of. Another result that will be key to
many of our arguments regards the existence and uniqueness of a normal subgroup with certain
useful properties. Suppose that G is π -separable, and ϕ ∈ Iπ (G) does not have π -degree. Then it is
known that there exists a unique normal subgroup M maximal with the property that the constituents
of ϕM have π -degree. Moreover, if θ ∈ Iπ (M) is a constituent of ϕM , it is known that in this case the
stabilizer subgroup IG(θ) is proper in G .
Much of the theory of Iπ characters began with the construction and study of a certain class of
ordinary irreducible characters called π -special characters (see [2]). We point out here two important
properties of π -special characters that we will need. First, if α ∈ Irr(G) is π -special, and N  G , then
the constituents of αN are π -special. Secondly, the map α → αo is a bijection from the π -special
characters of G to the Iπ characters of π -degree.
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In this section we prove Theorems 1.1 and 1.2 of the introduction, but in the more general context
of Iπ characters. Since we will frequently be using the following result (from [6]), we include it here
for convenience. This result proves the uniqueness of the vertex subgroup up to conjugacy.
Theorem 3.1. Let G be π -separable and let ϕ ∈ Iπ (G). Suppose H is a subgroup of G and ξ ∈ Iπ (H) is such
that ξG = ϕ and ξ has π -degree. If Q is a Hall π ′-subgroup of H, then Q is unique up to conjugacy.
Note that the above result immediately implies that if U ⊆ G and ψ ∈ Iπ (U ) induces irreducibly to
ϕ ∈ Iπ (G), then any vertex for ψ is a vertex for ϕ , regardless of the degree of ψ .
We point out that our ﬁrst main result was discovered independently by Navarro, who proved it
using a slightly different approach in unpublished notes. Also, our statement here differs slightly from
the statement in the introduction, in that here we begin with a character θ ∈ Iπ (N) and prove the
existence of a vertex Q for ϕ with the desired property. Since the vertices of ϕ are conjugate, this is
clearly equivalent to the statement of Theorem 1.1.
Theorem 3.2. Suppose G is π -separable and ϕ ∈ Iπ (G). Let N be a normal subgroup of G. If θ is a constituent
of ϕN , then there is a vertex Q for ϕ such that Q ∩ N is a vertex for θ .
Proof. Suppose that θ is not invariant in G . Let Gθ = IG(θ) and let ξ ∈ Iπ (Gθ |θ) be such that ξG = ϕ .
Then every vertex for ξ is a vertex for ϕ (by Theorem 3.1), and by induction, we are done.
Suppose next that ϕ has π -degree. Then every Hall π ′-subgroup of G is a vertex for ϕ , and since
θ necessarily has π -degree, then every Hall π ′-subgroup of N is a vertex for θ , and we are done.
Now suppose that θ has π -degree. Then if K is the unique normal subgroup of G maximal with
the property that the constituents of ϕK have π -degree, then N ⊆ K . If ρ ∈ Iπ (K ) is a constituent
of ϕK that lies over θ , and α ∈ Iπ (Gρ) is the Clifford correspondent of ϕ lying over ρ , then since
ϕ does not have π -degree, Gρ is proper in G , and any vertex of α is also a vertex of ϕ . Thus, by
induction, we are done in this case.
Finally we may assume that θ ∈ Iπ (N) is invariant in G and θ does not have π -degree. If M is a
normal subgroup of N maximal with the property that the constituents of θM have π -degree, then we
see that M is in fact normal in G (by the invariance of θ and the uniqueness of M). Let ψ ∈ Iπ (M) be
a constituent of θM . Since θ does not have π -degree, then Nψ < N . Also, note by a Frattini argument
that NGψ = G , and also we have Gψ ∩ N = Nψ . Now let μ ∈ Iπ (Gψ |ψ) be the Clifford correspondent
for ϕ , and let ν ∈ Iπ (Nψ) lie under μ (and thus above ψ ). Note that ν necessarily induces to θ . By
induction, we have a vertex Q for μ (and thus for ϕ) such that Q ∩ Nψ is a vertex for ν , and thus a
vertex for θ . We still need to show that Q ∩ Nψ = Q ∩ N . It is clear that Q ∩ Nψ ⊆ Q ∩ N . However,
Q ⊆ Gψ , and thus Q ∩ N ⊆ Q ∩ Gψ ∩ N , and thus Q ∩ N = Q ∩ Nψ , and we are done. 
We then easily get the following corollary.
Corollary 3.3. Suppose G is a π -separable group, Q is a π ′-subgroup of G, and ϕ ∈ Iπ (G|Q ). Let NG. Then
the constituents of ϕN have π -degree if and only if Q ∩ N is a Hall π ′-subgroup of N.
Proof. Suppose some (and thus every) constituent θ of ϕN has π -degree. The above theorem shows
that for some conjugate Q 0 of Q , we have that Q 0 ∩ N is a vertex of θ and thus a Hall π ′-subgroup
of N , and thus Q ∩ N is a Hall π ′-subgroup of N .
Suppose Q ∩N is a Hall π ′-subgroup of N . Then by the above theorem, Q ∩N is a vertex for some
constituent θ of ϕN , and thus θ has π -degree. 
Recall that if Q is a π ′-subgroup of G , we let Iπ (G|Q ) denote the characters ϕ ∈ Iπ (G) that
have vertex Q . If N  G and P = Q ∩ N , our second main result (Theorem 1.2 of the introduction)
establishes a Clifford-type correspondence between Iπ (G|Q ) and Iπ (T |Q ), where T = NNG(P ).
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T = NNG(P ). Then induction is a bijection from Iπ (T |Q ) to Iπ (G|Q ).
Proof. We ﬁrst show that the map is well deﬁned. Suppose ψ ∈ Iπ (T |Q ). By Theorem 1.1, we know
that some constituent θ of ψN has vertex P = Q ∩ N . Now suppose that x ∈ Gθ . Then P x is a
vertex for θ , and thus P x = Pn for some element n ∈ N . Therefore xn−1 ∈ NG(P ), and therefore
x ∈ NNG(P ) = T . Thus Gθ ⊆ NNG(P ) = T . We let ξ ∈ Iπ (Gθ |θ) be the Clifford correspondent for ψ ,
and since ξ induces irreducibly to G , then ψ induces irreducibly to G . Since Q is a vertex for ψ , then
Q is a vertex for ψG .
To show surjectivity, suppose that ϕ ∈ Iπ (G|Q ). Choose a constituent θ of ϕN , and let ξ ∈ Iπ (Gθ |θ)
be the Clifford correspondent for ϕ . Replacing θ by a conjugate if necessary, we may assume that
Q is a vertex for ξ , and thus Theorem 1.1 implies that P is a vertex for θ . Arguing as before, we see
that Gθ ⊆ NNG(P ) = T . If ψ = ξ T , then ψ ∈ Iπ (T ) and ψG = ξG = ϕ . Moreover, since Q is a vertex
for ξ , then by Theorem 3.1, Q is a vertex for ψ , and we have shown that ϕ ∈ Iπ (G|Q ) is induced
from ψ ∈ Iπ (T |Q ).
Finally we show injectivity. Assume ψ1 and ψ2 are in Iπ (T |Q ) and are such that ψG1 = ψG2 = ϕ ∈
Iπ (G|Q ). Since ψ1 and ψ2 both have vertex Q and P = Q ∩ N , then Theorem 1.1 shows that there is
a constituent θ1 of ψ1 with vertex P and a constituent θ2 of ψ2 with vertex P . Since θ1 and θ2 both
lie under ϕ , then there is an element x ∈ G such that θ1 = θ x2 . Notice then that P x is also a vertex
for θ1. Therefore P x = Pn for some element n ∈ N , and xn−1 ∈ NG(P ). Now θ1 = θ x2 = θ xn
−1
2 , and thus
θ1 and θ2 are conjugate via an element of NG(P ) ⊆ T . Therefore we know that (ψ1)N and (ψ2)N have
a constituent θ in common. As before, we know that Gθ ⊆ T , and thus ψ1 = ξ T1 and ψ2 = ξ T2 for
some ξ1 and ξ2 in Iπ (Gθ |θ). Since ψG1 = ψG2 , then ξ1 = ξ2, and thus ψ1 = ψ2, and we are done. 
4. A correspondence in groups of odd order
In this section we prove the third main theorem of the introduction. Before we can do this, we
must take a closer look at certain correspondences in groups of odd order.
Let G be a group of odd order and let π be a set of primes. Using the results of Isaacs in [4],
Navarro constructs in [8] a bijection χ → χ∗ from the π -special characters of G onto the set
Irr(NG(H)/H), where H is a Hall π ′-subgroup of G . Recall that if ϕ ∈ Iπ (G) has π -degree, then
there is a unique π -special character α ∈ Irr(G) such that αo = ϕ . Moreover, any irreducible char-
acter of NG(H)/H is necessarily a π -special character of NG(H) and therefore (α∗)o ∈ Iπ (NG(H)). In
addition, it is easily seen that the set Iπ (NG(H)) is precisely the set Iπ (NG(H)/H). Therefore we may
extend the above map to a bijection ϕ → ϕ∗ from the Iπ (G) characters of π -degree onto the set
of Iπ (NG(H)) characters of π -degree (see Corollary 3.4 of [8]).
We need not limit ourselves only to characters in Iπ (G) of π -degree. The main result of [8] is the
following:
Theorem 4.1. Suppose that G is a group of odd order with a π ′-subgroup Q , and let ϕ ∈ Iπ (G|Q ).
(a) If αG = ϕ , where α ∈ Iπ (W ) has π -degree and Q is a Hall π ′-subgroup of W , then α∗ ∈ Iπ (NW (Q ))
induces irreducibly to NG(Q ).
(b) The map Iπ (G|Q ) → Iπ (NG(Q )|Q ) given by ϕ → (α∗)NG (Q ) is a well-deﬁned natural injection.
(c) If a Hall π ′-subgroup of G is nilpotent, the above map is a bijection.
We will denote the map in part (b) of the above theorem by ϕ → ϕ˜ .
Now let G be a group of odd order, π a set of primes such that a Hall π ′-subgroup in G is
nilpotent (for instance, if we are in the classical case where π = {p′}), and let Q be a π ′-subgroup
of G and N  G . Deﬁne P = Q ∩ N , and note that NG(Q ) ⊆ NG(P ). By Theorem 4.1, the map ϕ → ϕ˜
is a bijection from Iπ (G|Q ) onto Iπ (NG(Q )|Q ). However, since NG(Q ) ⊆ NG(P ), then Theorem 4.1
also gives a bijection from Iπ (NG(P )|Q ) onto Iπ (NG(Q )|Q ). Deﬁne ϕ(NG (P )) ∈ Iπ (NG(P )|Q ) to be
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bijection from Iπ (G|Q ) onto Iπ (NG(P )|Q ).
Our goal is to prove that the above map behaves well with respect to normal subgroups. In par-
ticular, if ϕ ∈ Iπ (G|Q ) and θ ∈ Iπ (N|P ), we would like to show that ϕ lies over θ if and only if
ϕ(NG (P )) lies over θ˜ . Navarro has already shown this in the case that all of the characters involved
have π -degree. The following is Theorem 3.6 of [8]:
Theorem 4.2. Let N be a normal subgroup of a group G of odd order and let χ ∈ Irr(G) and θ ∈ Irr(N) be
π -special characters. Let H be a ﬁxed Hall π ′-subgroup of G and let K = H ∩ N. Let χ(NG (K )) be such that
(χ(NG (K )))∗ = χ∗ . Then θ is an irreducible constituent of χN if and only if θ∗ is an irreducible constituent
of (χ(NG (K )))NN (K ) .
Note that since each π -special character of G uniquely determines a character in Iπ (G) of π -
degree, and vice versa, the above theorem immediately proves Theorem 1.3 in the case that ϕ and θ
have π -degree. However, there is some work involved in reducing the general case to this case. We
need the following easy lemma.
Lemma 4.3. Suppose G has odd order, and let H be a subgroup of G and ψ ∈ Iπ (H|Q ) be such that ψG = ϕ ∈
Iπ (G). Then ψ˜ ∈ Iπ (NH (Q )|Q ) induces irreducibly to ϕ˜ ∈ Iπ (NG(Q )|Q ).
Proof. Note ϕ has vertex Q . There necessarily exists a subgroup U ⊆ H and a character α ∈ Iπ (U |Q )
such that α(1) is a π -number and αH = ψ . Note αG = ϕ . Then (α∗)NH (Q ) = ψ˜ and (α∗)NG (Q ) = ϕ˜ .
Thus (ψ˜)NG (Q ) = ϕ˜ , and we are done. 
We need one more technical lemma before we can prove our main result.
Lemma 4.4. Let G be π -separable and N and M be normal subgroups of G with M ⊆ N. Suppose θ ∈ Iπ (N)
is invariant in G, let ρ be a constituent of θM, and let I = Gρ and J = Nρ . Let ν ∈ Iπ ( J |ρ) be the Clifford
correspondent for θ . Then:
(a) NI = G and G/N ∼= I/ J ;
(b) If P is a vertex of ν , then NG(P ) = NN (P )NI (P ) and
G/N ∼= NI (P )/N J (P ) ∼= NG(P )/NN (P ) ∼= I/ J .
Proof. (a) Since θ is invariant in G , a Frattini argument implies that NI = G , and since N ∩ I = J , we
have that G/N ∼= I/ J .
For (b), note ﬁrst that since I ∩ N = J , then N J (P ) = NI (P ) ∩ NN (P ). Since θ is invariant in G ,
then ν is invariant in I . For g ∈ I , we have P g = P j for some j ∈ J , and thus g j−1 ∈ NI (P ). Therefore
I = JNI (P ). Certainly NN (P )NI (P ) ⊆ NG(P ). Note that by Dedekind’s lemma, we have that NNI (P ) ∩
NG(P ) = NI (P )NN (P ). Since G = NI = N JNI (P ) = NNI (P ) by part (a), we have NG(P ) = NI (P )NN (P ).
Therefore NG(P )/NN (P ) ∼= NI (P )/N J (P ).
Since ν has vertex P and νN = θ , then θ has vertex P . A Frattini argument applied to N  G and
the G-invariant character θ ∈ Iπ (N|P ) implies that G = NNG(P ) and therefore G/N ∼= NG(P )/NN (P ).
Since I = JNI (P ), then we have I/ J ∼= NI (P )/N J (P ), and we have ﬁnished part (b). 
We are now ready to prove Theorem 1.3, which we restate here in slightly more generality.
Theorem 4.5. Suppose that G is a group of odd order andπ is a set of primes such that a Hall π ′-subgroup of G
is nilpotent. Let Q be a π ′-subgroup of G, and let N  G and P = Q ∩ N. Let ϕ ∈ Iπ (G|Q ) and θ ∈ Iπ (N|P ).
Then ϕ lies above θ if and only if ϕ(NG (P )) lies above θ˜ .
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NG(P ) < G .
Step 1. We reduce to the case that θ is invariant in G .
Suppose that T = Gθ < G . Notice that since θ uniquely determines θ˜ and vice versa, then the
stabilizer of θ˜ in NG(P ) is NT (P ).
We ﬁrst assume that θ lies under ϕ . Let ψ ∈ Iπ (T |θ) be such that ψG = ϕ . If Q 1 is any vertex
of ψ , then by Theorem 3.1, Q 1 is a vertex for ϕ , and therefore by replacing Q by a conjugate if
necessary, we may assume Q is a vertex for ψ . Therefore Lemma 4.3 implies that (ψ˜)NG (Q ) = ϕ˜ . By
induction, we know that ψ(NT (P )) ∈ Iπ (NT (P )|Q ) lies over θ˜ . Since NT (P ) is the stabilizer in NG(P )
of θ˜ , then (ψ(NT (P )))NG (P ) ∈ Iπ (NG(P )|Q ).
Let η = (ψ(NT (P )))NG (P ) . We will show that η = ϕ(NG (P )) and thus that ϕ(NG (P )) lies above θ˜ . We
know by Lemma 4.3 applied to η that the image of (ψ(NT (P ))) under the ˜ map (which is by def-
inition ψ˜ ) must induce irreducibly to η˜. However, ψG = ϕ , and thus ψ˜NG (Q ) = ϕ˜ by Lemma 4.3.
Therefore η˜ = ϕ˜ . By deﬁnition, ϕ(NG (P )) is the unique character in Iπ (NG(P )|Q ) whose image under
the ˜map is ϕ˜ , and thus η = ϕ(NG (P )) .
We now assume that ϕ(NG (P )) ∈ Iπ (NG(P )|Q ) lies over θ˜ ∈ Iπ (NN (P )|P ). We know by the ﬁrst
paragraph of the proof that NT (P ) is the stabilizer of θ˜ in NG(P ). Let ξ ∈ Iπ (NT (P )|θ˜ ) be such that
ξNG (P ) = ϕ(NG (P )) . Since ϕ(NG (P )) has vertex Q , then replacing Q by an NG(P )-conjugate if necessary
(which is justiﬁed since doing so ﬁxes P and only replaces θ by a conjugate of θ with vertex P ), we
may assume that Q is a vertex for ξ . Let μ ∈ Iπ (T |Q ) be such that μ(NT (P )) = ξ . By induction, we
know that μ lies above θ . Since ξ induces to ϕ(NG (P )) , then Lemma 4.3 implies that (ξ˜ )NG (Q ) = ϕ˜ .
Let η = μG ∈ Iπ (G|Q ), and note that η necessarily lies above θ and that μ˜ = ξ˜ . By Lemma 4.3, we
have that η˜ = (μ˜)NG (Q ) = (ξ˜ )NG (Q ) = ϕ˜ . Thus η = ϕ by the injectivity of the map, and therefore ϕ lies
over θ .
Step 2. We reduce to the case that G/N is a chief factor of G , and thus G/N is cyclic of prime order.
Assume that there is a subgroup M such that N < M  G . Let R = Q ∩ M , and note that NG(Q ) ⊆
NG(R) ⊆ NG(P ). Also note that by the ﬁrst step of the proof, θ is invariant in G , and thus θ˜ is invariant
in NG(P ).
Suppose that θ lies under ϕ . By Theorem 1.1, we can choose a character ψ ∈ Iπ (M|R) ly-
ing under ϕ , and since θ is invariant in G , then ψ lies over θ . By induction, we have that
ψ(NM (P )) ∈ Iπ (NM(P )|R) lies over θ˜ . Also, induction implies that ϕ(NG (R)) ∈ Iπ (NG(R)|Q ) lies over
ψ˜ ∈ Iπ (NM(R)|R). Induction (applied in NG(P ) in the other direction) implies that ϕ(NG (P )) lies over
ψ(NM (P )) ∈ Iπ (NM(P )|R). Therefore ϕ(NG (P )) lies over θ˜ .
Now assume that ϕ(NG (P )) lies over θ˜ ∈ Iπ (NN (P )|P ). Again, by Theorem 1.1, we can choose ξ ∈
Iπ (NM(P )|R) lying under ϕ(NG (P )) , and since θ˜ is invariant in NG(P ), then ξ lies over θ˜ . Let μ ∈
Iπ (M|R) be such that μ(NM (P )) = ξ . Induction implies that μ lies over θ . Since ϕ(NG (P )) lies over ξ ,
then induction (using the other direction, applied to NG(P )) implies that ϕ(NG (R)) lies over ξ˜ . Note
that μ˜ = ξ˜ . Finally, induction implies that ϕ lies over μ. Therefore ϕ lies over θ .
Thus we can assume that G/N is simple and therefore cyclic of prime order and that θ is invariant
in G .
Step 3. We reduce to the case that θ has π -degree.
Suppose that θ does not have π -degree. Let M  N be maximal such that the constituents of θM
have π -degree. Since θ is invariant in G , then M  G , and since θ does not have π -degree, then the
stabilizer of any constituent of θM is proper in N and G .
Suppose that θ is a constituent of ϕN . Note that since θ is invariant in G and G/N is cyclic of
prime order, this implies θ = ϕN .
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μ ∈ Iπ (Gρ |ρ) for ϕ has vertex Q . Note that ρ is a constituent of θM , and we let I = Gρ and J = Nρ .
Since ϕ is an extension of θ then μ is an extension of ν ∈ Iπ ( J |ρ), the Clifford correspondent of θ .
By Theorem 1.1 we have that Q ∩ J is a vertex of ν , and since ν induces to θ , then Q ∩ J is a vertex
for θ . But Q ∩ J ⊆ Q ∩ N = P , so ν has vertex P , and we are in the situation of Lemma 4.4.
Since ϕ lies over θ , then μ ∈ Iπ (I|Q ) lies over ν ∈ Iπ ( J |P ), and thus by induction we see that
μ(NI (P )) ∈ Iπ (NI (P )|Q ) lies over ν˜ ∈ Iπ (N J (P )|P ). Note that since νN = θ , then Lemma 4.3 implies
that ν˜ induces irreducibly to θ˜ ∈ Iπ (NN (P )|P ). Since ν is invariant in I , then ν˜ is invariant in NI (P ),
and therefore θ˜ = (ν˜)NN (P ) is invariant in NG(P ). Since NG(P )/NN (P ) is cyclic of prime order, then θ˜
extends to NG(P ). Therefore Mackey’s theorem implies that μ(NI (P )) induces irreducibly to NG(P ). Let
ξ = μ(NI (P )) and η = ξNG (P ) . Since ξ has vertex Q and is an extension of ν˜ , then η has vertex Q and
is an extension of θ˜ . Thus we need to show that η = ϕ(NG (P )) .
Since ξ = μ(NI (P )) , then by deﬁnition ξ˜ = μ˜ ∈ Iπ (NI (Q )|Q ). Since ξ induces to η ∈ Iπ (NG(P )|Q ),
then Lemma 4.3 implies that ξ˜ induces to η˜ ∈ Iπ (NG(Q )|Q ). Also, since μG = ϕ , then Lemma 4.3
implies that ξ˜NG (Q ) = μ˜NG (Q ) = ϕ˜ ∈ Iπ (NG(Q )|Q ). Thus η˜ = ϕ˜ , and by the injectivity of the map, we
have that η = ϕ(NG (P )) . Since η lies over θ˜ , then ϕ(NG (P )) lies over θ˜ .
Now suppose that θ˜ ∈ Iπ (NN (P )|P ) lies under ϕ(NG (P )) ∈ Iπ (NG(P )|Q ). Choose a constituent ρ
of θM such that the Clifford correspondent ν ∈ Iπ (Nρ |ρ) for θ has vertex P . Let I = Gρ and J = Nρ .
Thus we are again in the situation of Lemma 4.4.
Note that θ is invariant in G , and therefore θ˜ is invariant in NG(P ). Since NG(P )/NN (P ) has prime
order, then ϕ(NG (P )) is an extension of θ˜ . Also, ν is invariant in I , and thus ν˜ ∈ Iπ (N J (P )|P ) is invariant
in NI (P ). Lemma 4.3 implies that ν˜ induces to θ˜ . Since we are assuming that ϕ(NG (P )) lies over θ˜ ,
there exists a character ξ ∈ Iπ (NI (P )) of the restriction of ϕ(NG (P )) to NI (P ) that lies over ν˜ . Since
ν˜ extends to NI (P ), then ξ must be an extension of μ˜, and by comparing degrees, we see that
ξNG (P ) = ϕ(NG (P )) .
Replacing ρ by an NG(P ) conjugate, if necessary, we may assume that ξ has vertex Q , so ξ ∈
Iπ (NI (P )|Q ) is an extension of ν˜ and induces to ϕ(NG (P )) . By induction, we see that ξ = μ(NI (P )) for
some character μ ∈ Iπ (I|Q ) that lies over ν , and thus necessarily restricts to ν , since I/ J has prime
order. Then μG = ω ∈ Iπ (G|Q ) lies over θ , and we need to show that ω = ϕ .
Since ω = μG , then Lemma 4.3 implies that μ˜NG (Q ) = ω˜ ∈ Iπ (NG(Q )|Q ). By deﬁnition, μ˜ = ξ˜ ∈
Iπ (NI (Q )|Q ). Since ξNG (P ) = ϕ(NG (P )) , then Lemma 4.3 again implies that μ˜NG (Q ) = ξ˜NG (Q ) = ϕ˜ . Thus
ω˜ = ϕ˜ , and by the injectivity of the map, ω = ϕ . Since θ is a constituent of ωN , then θ is a constituent
of ϕN , and we are done in the case that θ does not have π -degree.
Step 4. The ﬁnal step.
We now know that θ has π -degree. Therefore θ˜ also has π -degree. Since θ is invariant in G and
G/N is cyclic of prime order, then θ˜ is invariant in NG(P ) and NG(P )/NN (P ) is cyclic of prime order.
Suppose ϕ lies over θ . Since θ has π -degree and G/N is cyclic of prime order, then ϕ has π -
degree. Thus by the comments following Theorem 4.2, we see that ϕ(NG (P )) lies over θ˜ .
Suppose ϕ(NG (P )) lies over θ˜ . Again we see that ϕ(NG (P )) has π -degree, and thus by the comments
following Theorem 4.2, we see that ϕ lies over θ , and we are done. 
We immediately have the following corollary.
Corollary 4.6. Suppose G has odd order and a Hall π ′-subgroup of G is nilpotent. Let Q be a π ′-subgroup
of G, N  G, P = Q ∩ N, and θ ∈ Iπ (N|P ). Then the map
ϕ → ϕ(NG (P ))
is a bijection from
{
ϕ ∈ Iπ (G|Q )
∣∣ [ϕN , θ] 	= 0
}
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{
ψ ∈ Iπ
(
NG(P )|Q
) ∣∣ [ψNN (P ), θ˜] 	= 0
}
.
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